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LECTURE 2 HOMEWORK:
QUESTIONS AND SOLUTIONS




EXERCISE 6.18

s mm—

6.18 An industrial process produces batches of a chemical
whose impurity levels follow a normal distribution
with standard deviation 1.6 grams per 100 grams of
chemical. A random sample of 100 batches is selected in
order to estimate the population mean impurity level.

a. The probability is 0.05 that the sample mean
impurity level exceeds the population mean by
how much?

b. The probability is 0.10 that the sample mean
impurity level is below the population mean by
how much?

c. The probability is 0.15 that the sample mean

impurity level differs from the population mean by

how much?

Newbold et al (2013)




EXERCISE 6.18 A): SOLUTION

I ‘ Answer:

Given: population standard deviation o = 1.6 g per 100 g, sample size n = 100.

Standard error:

1. 1.
0 = 6:0.16

X = 00 10

(a) Probability is 0.05 that X exceeds K by how much?

We need P(X — i > E) = 0.05.

P(2L > L) = 0,05 & P(Z >E0.16) = 0.05
0.16 0.16

Then, E/0.16 = 2,5 = 1.645 <> E = 0.16x1.645 = 0.2632




EXERCISE 6.18 B): SOLUTION

I ‘ Answer:

Given: population standard deviation o = 1.6 g per 100 g, sample size n = 100.

Standard error:

1.6 1.6
T _ _ — 0'16
X = o0 10

(b) Probability is 0.10 that X is below p by how much?

We need P(X—[,l<E)=0|O

P(AL <£)=0.10 % P(Z <E/0.16) = 0.10
0.16 0.16

Then, E/0.16 = 2, ,, = -1.2816 < E = 0.16x-1.2816 = -0.205 |




EXERCISE 6.18 C): SOLUTION

I ‘ Answer:

Given: population standard deviation o = 1.6 g per 100 g, sample size n = 100.

Standard error:

1.6 1.6
T _ _ — 0'16
X = o0 10

(c) Probability is 0.15 that X differs from p by how much?

“Differs” means two-sided:

P(|X — p| > E)=0.15

P(‘E <Xm o E )= 1.0.15 < P(‘—E<z<i) = 0.85 &
0.16 0.16 0.16 0.16 0.16

® (E/0.16) - ® (-E/0.16) = 0.85 <> 2& (E/0.16) -1 = 0.85 &
® (E/0.16) =0.925 < E/0.16 = 79 0yc= |.44 < 0.16%1.44 = 0.2304



EXERCISE 6.17

—

6.17 The times spent studying by students in the week be-
fore final exams follows a normal distribution with
standard deviation 8 hours. A random sample of four
students was taken in order to estimate the mean
study time for the population of all students.

a. What is the probability that the sample mean ex-
ceeds the population mean by more than 2 hours?

b. What is the probability that the sample mean is
more than 3 hours below the population mean?

c. What is the probability that the sample mean differs
from the population mean by more than 4 hours?

d. Suppose that a second (independent) random

sample of 10 students was taken. Without doing the

calculations, state whether the probabilities in parts

(a), (b), and (c) would be higher, lower, or the same

for the second sample.




EXERCISE 6.17A): SOLUTION

I ‘ Answer:

Given: population standard deviation & = 8 hours, first sample size n = 4.

Standard error of the sample mean:

X ~ N(p,4%)

(a) Probability that the sample mean exceeds p by more than 2 hours
_ 2
P(X-pu>2)=P(Z> E)ZP(Z>O'5)

P=1-3(05)~1— 06915 = 0.3085

Standard Normal Distribution Table




EXERCISE 6.17 B): SOLUTION

I ‘ Answer:

Given: population standard deviation & = 8 hours, first sample size n = 4.

Standard error of the sample mean:

X ~ N(p,4%)

(b) Probability that the sample mean is more than 3 hours below p
_ L -3
Pm—X>3%amX—#<—&:P@<>Iy:HZ<—&%)
P =~ 0.2266 T

Standard Normal Distribution Table




EXERCISE 6.17 C): SOLUTION

I 1 Answer:

Given: population standard deviation & = 8 hours, first sample size n = 4.

Standard error of the sample mean:

X ~ N(p,4%)

(c) Probability that the sample mean differs from p by more than 4 hours

Two-sided:

I-P(-4/4 < (X — n)/4 < 4/4)
=1-P(-1<Z<1)

P =2(1—®(1)) = 2(1 — 0.8413) = 0.3174

P(|X — pl > 4) -

Standard Normal Distribution Table



EXERCISE 6.17 D): SOLUTION

Given: population standard deviation & = 8 hours, first sample size n = 4.

I Answer: standard error of the sample mean:

X ~ N(pu,4%)

(d) Second sample 0 (a) Probability that the sample mean exceeds p by more than 2 hours
_ 2
P(X —p>2)=P(Z>=)=P(Z>0.5)
The standard error decreases: 4
8 (b) Probability that the sample mean is more than 3 hours below p
E=—~=2. v s -3
S /10 53 Pu-X>3)=pX-—p<-3)=PZ< - ) = P(Z <-075)

e For (a) probability of >2 hours: increases in z (2/2.53 = 0.791) — lower probability? Wait, check carefully:

Actually, smaller SE - larger z for the same deviation — probability of exceeding 2 hours decreases. [

- . ape c) Probability that the sample mean differs from p by more than 4 hours
* For (b) probability of >3 hours below: same logic — lower probability. «“ i P o

* For (c) probability of >4 hours deviation: smaller SE - probability decreases. ™%

_ 4
P(|X — ) =P(Z>-)=P(Z>1
So for the second sample (n=10): all probabilities are lower. (X =pl>4) (z> 4) (Z>1)

= 2(1 —08413) = 0.3174




LECTURE 3: SAMPLING
DISTRIBUTIONS OF SAMPLE
PROPORTIONS




SAMPLING DISTRIBUTION OF
THE SAMPLE PROPORTION

P = the proportion of the population having some
characteristic

« Sample proportion (p) provides an estimate of P:

b= X number of items in the sample having the characteristic of interest
n samplesize

- 0<pH<l

* P has a binomial distribution, but can be approximated
by a normal distribution when nP(1-P) > 5




SAMPLING DISTRIBUTION OF
P HAT

* Normal approximation:

P(P) Sampling Distribution

P(1-P)

n

Properties: E(p)=P and o :\/

(where P = population proportion)




Z-VALUE FOR PROPORTIONS

Standardize p to a Z value with the formula:

h—P  p-P
o, JPG—P)

Where the distribution of Z is a good approximation
to the standard normal distribution if nP(l — P) >

Newbold et al (2013)




SAMPLE PROPORTION:
EXAMPLE

* If the true proportion of voters who support
Proposition Ais P = 0.4, what is the probability
that a sample of size 200 yields a sample
proportion between 0.40 and 0.457

* l.e.:|if P=0.4 and n = 200, what is

P(0.40< p<0.45)?

Newbold et al (2013)




SAMPLE PROPORTION:
EXAMPLE

 if P=0.4 and n = 200, what is
P(0.40< p<0.45)?

Find 0, o, =\/P(1_P) =\/‘4(1_'4) =.03464
n 200

Convert to N 40—-.40 45—-.40)
P(40< p< 45 =P </Z<

standard (4057549 [ 03464 03464

normal:

= P(0< Z <1.44)

Newbold et al (2013)

i
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SAMPLE PROPORTION:
EXAMPLE

* if P=0.4 and n = 200, what is
P(0.40< p<0.45)?

Use standard normal table: P(0 =Z <1.44) = &(1.44) — ©(0) =
0.9251 - 0.5 = 0.425|

, o Standardized
Sampling Distribution Normal Distribution
4251
Standardize
40 45 }3 0 T,

Newbold et al (2013)

i
e
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EXERCISE 6.31

A e

6.31 According to the Internal Revenue Service, 75% of all
tax returns lead to a refund. A random sample of 100
tax returns is taken.

a. What is the mean of the distribution of the sample
proportion of returns leading to refunds?

b. What is the variance of the sample proportion?

c. What is the standard error of the sample
proportion?

d. What is the probability that the sample proportion

exceeds 0.8?




EXERCISE 6.31 A): SOLUTION

I ‘ Answer:

Given: population proportion p = (.75, sample size n = 100.

For a sample proportion p, the sampling distribution is approximately normal (by CLT) because n is large:

p(1 —p))

p~N(p,

1 —
Standard error: SE = u
n

(a) Mean of the sampling distribution




EXERCISE 6.31 B): SOLUTION

I | Answer:

Given: population proportion p = 0.75, sample size n = 100.

For a sample proportion p, the sampling distribution is approximately normal (by CLT) because n is large:

ﬁNN( ’p(l—p))

n

p(1 —p)

n

Standard error: SE =

(b) Variance of the sampling distribution

= 0.001875

(1-p) 0.75-0.25  0.1875
T

P
Var(p) = 100 100




EXERCISE 6.31 C): SOLUTION

I | Answer:

Given: population proportion p = 0.75, sample size n = 100.

For a sample proportion p, the sampling distribution is approximately normal (by CLT) because n is large:

p(1 —p))

p~N(p,

1 —
Standard error: SE = u
n

(c) Standard error of the sample proportion

SE = +/0.001875 ~ 0.0433




EXERCISE 6.31 D): SOLUTION

I ‘ Answer:

Given: population proportion p = (.75, sample size n = 100.

For a sample proportion p, the sampling distribution is approximately normal (by CLT) because n is large:

p(1 —p))

n

p~N(p,

p(1 —p)

n

Standard error: SE =

(d) Probability that p > 0.8

Compute z-score:

2_03—0ﬂ5_ 0.05
"~ 0.0433  0.0433

P(p>08)=1—&(1.154) ~ 1 — 0.875 = 0.125

~ 1.154

Standard Normal Distribution Table



LECTURE 4: SAMPLING
DISTRIBUTIONS OF SAMPLE
VARIANCES




SAMPLING DISTRIBUTION OF
THE SAMPLE VARIANCE

* Let x,,x,,...,Xx, be a random sample from a
population. The sample variance is

1 n

2 —\2
S =—- X —X
n—l,z_l'(‘ )

* the square root of the sample variance is called
the sample standard deviation

* the sample variance is different for different
random samples from the same population

Newbold et al (2013)




MEAN AND VARIANCE OF THE
SAMPLE VARIANCE

» The sampling distribution of s” has mean o~ |

E(s’)=0"

* |f the population distribution is normal, then

20"

n—1

Var(s®) =

Newbold et al (2013)




SAMPLE VARIANCE AND CHI-
SQUARE DISTRIBUTION

1. Sample variance for a normal population:

1

Szzn_IZ(XI-—J_()Z
i=1

2. Relationship with the chi-square distribution:
If X1,...,Xn ~ N(u,0?), then:

(n—1)8?

2
9 ~ Xn-1

a

3. Implications:
* The sample variance is proportional to a chi-square variable.
s Allows the construction of confidence intervals for o>.

Degrees of freedom: n — 1.




CHI-SQUARE DISTRIBUTION OF SAMPLE
AND POPULATION VARIANCES

* If the population distribution is normal then

_ (n—1)s’

2
(0

Q

has a chi-square (°) distribution

with n — 1 degrees of freedom

Newbold et al (2013)




EXERCISE 6.49

| 6.49 A random sample of size n = 18 is obtained from a
| normally distributed population w1th a population

mean of . = 46 and a variance of o> = 50.

a. What is the probability that the sample mean is
greater than 50?

b. What is the value of the sample variance such that
5% of the sample variances would be less than this
value?

¢. What is the value of the sample variance such that

5% of the sample variances would be greater than

this value?




EXERCISE 6.49 A): SOLUTION

I Answer:

Given: population mean p = 46, population variance o2 = 50 (hence o = v/50), sample size n = 18.

(a) Probability that X > 50

Standard error:

o2 50
SE =14/ — = s =2.T77... = 1.6667.
n

50-46 4
T~ SE 1.6667

Z-score:

= 2.40.

Z

Probability:

P(X > 50) =1 — ®(2.40) ~ 0.00820.

Standard Normal Distribution Table




EXERCISE 6.49 B): SOLUTION

EJ Answer:

Given: population mean & = 46, population variance o> = 50 (hence & = 1/50), sample size n = 18.

(b) Value 3% such that 5% of the sample variances are less than 3%

For a normal population,
(n—1)82 2 _

~ Xn-1-

o2
We want P(§? < s7) = 0.05. Let X{ 5,17 be the 5th percentile of x? with 17 df (here n. — 1 = 17). Then

0_2

s7 = m—1 X3.05,17-
Numerically X3.05,17 ~ 8.6717602, so
50
57 = 7 % 8.6717602 ~ 25.51.

Chi-Square Distribution Table




EXERCISE 6.49 C): SOLUTION

CJ Answer:

Given: population mean p = 46, population variance o2 = 50 (hence o = v/50), sample size n = 18.

(c) Value 3%7 such that 5% of the sample variances are greater than 3%

Now we want P(S% > sg;) = 0.05 so s, is the 95th percentile. Use X g5 17 = 27.5871116:

El)—g x 27.5871116 ~ 81.14.

SU

Chi-Square Distribution Table




LECTURE 4: ESTIMATORS AND
CONFIDENCE INTERVALS




ESTIMATORVS.ESTIMATE

* An|estimator of a population parameter is

— a random variable that depends on sample
information . . .

— whose value provides an approximation to this
unknown parameter

* A specific value of that random variable is called
an estimate

Newbold et al (2013)

Summary:
* An estimator is a random
Example: : 5
- variable (or statistic) used to
Let| X be the estimator [of the population mean weight u. estimate an unknown population
If the sample mean is & = 70 kg, then 70 kg is the estimate of the average weight. parameter.

An estimate is the numerical
value that the estimator takes for a

given sample.



POINT ESTIMATEVS.
CONFIDENCE INTERVAL

- Alpoint estimate fis a single number,

* alconfidence interval|provides additional
information about variability

| I

| ‘ |
Lower I Upper
Confidence Confidence

Point Estimate .
Limit Limit

Width of
confidence interval

Newbold et al (2013)

E: Example: Point Estimate and Confidence Interval

We took a random sample of 100 adults and found an average weight of 70 kg.

* Point estimate: 70 kg
® 95% confidence interval: Cl = (68.4, 71.6)

&2 We are 95% confident that the true average weight of all adults lies between 68.4 kg

and 71.6 kg.




POINT ESTIMATES: EXAMPLE

We can estimate a with a Sample
Population Parameter ... Statistic

=

Mean u
P

Proportion

Newbold et al (2013)




PROPERTIES OF ESTIMATORS:
UNBIASED ESTIMATOR

* A point estimator 0 is said to be an unbiased
estimator of the parameter @ if its expected value
Is equal to that parameter:

E©)=6

+ Examples:

— The sample mean X is an unbiased estimator of u
— The sample variance s” is an unbiased estimator &
— The sample proportion 2 is an unbiased estimator of P

Newbold et al (2013)




PROPERTIES OF ESTIMATORS:
UNBIASED ESTIMATOR

. 671 is an unbiased estimator, 6, is biased:

Newbold et al (2013)




PROPERTIES OF ESTIMATORS:
BIAS

- Let @ be an estimator of 8

. The bias in @ is defined as the difference
between its mean and @

Bias(0) = E(0)—6

* The bias of an unbiased estimatoris O

Newbold et al (2013)




PROPERTIES OF ESTIMATORS:
MOST EFFICIENT ESTIMATOR

» Suppose there are several unbiased estimators of @

* The most efficient estimator or the minimum variance
unbiased estimator of @ is the unbiased estimator with the
smallest variance

e Let 631 and éz be two unbiased estimators @, based on
the same number of sample observations. Then,

é1 is said to be more efficient than éz if Var(él) < Var(éz)

— The relative efficiency of él with respect to éz is the ratio
of their variances;

Var(éz)
Vch(é1 )

Relative Efficiency =




CONFIDENCE INTERVAL
ESTIMATES

* How much uncertainty is associated with a point
estimate of a population parameter?

*|An interval estimate provides more information
about a population characteristic than does a point
estimate

» Such interval estimates are called confidence
Interval estimates Note:

* A confidence interval is the
concept, while a confidence
interval estimate is the specific
interval calculated from a sample.

Example: For a sample of 100 adults with mean weight 70 kg, the 95% confidence interval

estimate is|Cl = (68.4, 71.6).




CONFIDENCE INTERVAL
ESTIMATE

 An interval gives a range of values:

— Takes into consideration variation in sample
statistics from sample to sample

— Based on observation from one sample

— Gives information about closeness to unknown
population parameters

— Stated in terms of level of confidence

= Can never be 100% confident

Newbold et al (2013)




CONFIDENCE INTERVALAND
CONFIDENCE LEVEL

If P(a<8<b)=1-a then the interval from ato b is
called a 100(1 — )% confidence interval of 6.

* The quantity 100(1 - )% is called the confidence
level of the interval

— ais between 0 and 1

— In repeated samples of the population, the true value of
the parameter 8 would be contained in 100(1 — a)%
of intervals calculated this way.

- The confidence interval calculated in this manner is

written as a < @ < b with 100(1 —a)% confidence
Newbold et al (2013)

Note:

* The confidence level of an interval indicates how certain we are that the interval
contains the true population parameter. It is equal to | —a (e.g., 95% confidence level
corresponds to a = 0.05).

* The significance level (a) is the probability of making a Type | error, or the

probability that the interval does not contain the true parameter.

AN [ M BT TS T A




ESTIMATION PROCESS

| am 95%
confident that

is between
Population @ 2’0 2 60.
(mean, y, is x =50
unknown) Point Estlmate hmterval

Random Sample

Newbold et al (2013)

i
e
LIRS |



ESTIMATION PROCESS

« Suppose confidence level = 95%
* Also written (1-a)=0.95

* A relative frequency interpretation:

— From repeated samples, 95% of all the confidence
intervals that can be constructed of size n will contain
the unknown true parameter

* |A specific interval either will contain or will not
contain the true parameter




GENERAL FORMULA FOR
CONFIDENCE INTERVAL

- The general form for all confidence intervals is:

0+ ME

Point Estimate = Margin of Error

* The value of the margin of error depends on the
desired level of confidence

Newbold et al (2013)




CONFIDENCE INTERVALS WE
WILL CONSIDER

o2 Known

o2 Unknown

(From normally distributed populations)

Confidence
Intervals
|
[ I |
Population Population Population
Mean Proportion Variance




HOMEWORK OF LECTURE 4:
QUESTIONS




EXERCISE 6.48

6.48 A random sample of size n = 25 is obtained from a
normally distributed population with a population
mean of i = 198 and a variance of ¢ = 100.

a. What is the probability that the sample mean is
greater than 200?

b. What is the value of the sample variance such that
5% of the sample variances would be less than this
value?

¢. What is the value of the sample variance such that
5% of the sample variances would be greater than
this value?
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